Maximal length Feedback with Carry Shift Register sequences have several remarkable statistical properties. Among them is the property that the arithmetic correlations between any two cyclically distinct decimations are precisely zero. It is open, however, whether all such pairs of decimations are indeed cyclically distinct. In this paper we show that the set of distinct decimations is large and, in some cases, all decimations are distinct.
Introduction
If a = (a 0 , a 1 , a 2 , . . .) is a periodic binary sequence, let a τ = (a τ , a τ +1 , a τ +2 , . . .) denote the τ -shifted sequence. If a, b are periodic binary sequences with the same period T we say they are cyclically distinct if a τ = b, for every shift τ with 0 < τ < T .
Associate to a the formal power series α = ∞ i=0 a i 2 i and to b τ the formal power series β τ = ∞ i=0 b i+τ 2 i . We interpret these as being elements of Z 2 , the 2-adic numbers.
Let γ = α − β τ = ∞ i=0 c i 2 i be the difference. 1 The sequence of bits c = (c 0 , c 1 , . . .) is eventually periodic (with period T ), and the arithmetic crosscorrelation C a,b (τ ) is defined to be the number of zeroes minus the number of ones in a single window of size T within the periodic part of c. The pair of sequences a, b is said to have ideal arithmetic cross-correlation if C a,b (τ ) = 0 for every τ . In this paper we discuss families S of periodic binary sequences such that every pair a, b ∈ S of elements has ideal arithmetic crosscorrelation. Further background on 2-adic numbers can be found in Koblitz's book [13] and in Klapper and Goresky's paper [12] . Further background on arithmetic correlations can be found in Goresky and Klapper's paper [8] .
The existence of such families is surprising in light of the Welch bound [10] which states that if S is a collection of S cyclically distinct binary sequences of period T then there exist a, b ∈ S and a shift τ such that the (usual) periodic cross-correlation
So the Welch bound can be broached, by replacing the usual cross-correlation C with the arithmetic cross-correlation C.
The particular sequences of interest are called long sequences or -sequences; they are in many ways analogous to the binary m-sequences. Let q be a prime number such that 2 is a primitive root modulo q (meaning that the powers of 2 account for all the nonzero elements in Z/(q)). Then a binary -sequence is any sequence of the form
where A ∈ Z/(q) is nonzero. This equation means the following: Let b = 2 −1 ∈ Z/(q) be the inverse of 2, modulo q. First compute Ab i and reduce modulo q to obtain a number between 0 and q − 1. Then reduce this number modulo 2. The sequence (1) is strictly periodic with period q − 1, and different choices of A give rise to cyclic shifts of the same "base" sequence a i = (2 −i (mod q)) (mod 2). (Up to a shift, this sequence may be described as the coefficient sequence of the 2-adic expansion of the fraction −1/q; it is also the reverse of the binary decimal expansion of the fraction 1/q.) These sequences have been studied since Gauss [7] . The related sequences (g i (mod q)) (mod ) are used
in the Digital Signature Standard, and are important for an attack due to Nguyen and Shparlinski [15] . Such -sequences may be generated using feedback-with-carry shift registers as described in [11, 12] , where their role in stream ciphers was investigated. See also [5] and [14] . This method of generating -sequences (and their mod-p generalizations) was discovered independently by Marsaglia and Zaman [16] in special cases and by Couture and L'Ecuyer [4] in general, who proposed using them as pseudo-random number generators for Monte Carlo simulations.
These -sequences exhibit important randomness properties. In [1] it was shown that they have perfect distribution properties: for any d < log 2 (q), every d-tuple of bits occurs
We say this decimation is allowable if d is relatively prime to q − 1. In [8] it was shown that cyclically distinct allowable decimations of a single -sequence have ideal arithmetic cross-correlation: This theorem provides a family S of periodic sequences with ideal arithmetic crosscorrelation. Unfortunately however, even if d = e, the sequences x and y may fail to be cyclically distinct. On the basis of extensive experimental evidence the following conjecture was made [8] :
Conjecture 1.2 If q > 13 is prime, 2 is primitive modulo q, and a is an -sequence based on q, then every pair of allowable decimations of a is cyclically distinct.
If this conjecture holds for a prime q then the resulting family S consists of φ(q − 1) distinct elements with ideal arithmetic correlation (where φ is Euler's totient function). We have verified this conjecture for all primes q < 2, 000, 000. It can be restated in very elementary terms as follows.
Let q > 13 be a prime number such that 2 is primitive mod q. Let E be the set of even integers 0 ≤ e ≤ q−1. Fix A with 1 ≤ A ≤ q−1. Suppose the mapping x → Ax d (mod q) preserves (but permutes the elements within) the set E. Then d = 1 and A = 1. The equivalence between these two statements follows from the fact that a d and a e are cyclically distinct iff a and a h are cyclically distinct, where h = d(e −1 (mod q − 1)).
Previous and current results
Conjecture 1.2 has turned out to be surprisingly resistant to proof. Suppose q is prime, 2 is a primitive root mod q, a is an -sequence with prime connection integer q > 13 and d is relatively prime to q − 1. In [8] and [9] the following was shown.
Theorem 2.1 Suppose either
Then the decimation a d is cyclically distinct from a.
In this paper we give the complete proof of (3) (which was only sketched in [9] ) and we improve substantially on (3) by removing the ln q factors. Let a, q, d be as above.
Theorem 2.2 If d > 1 and
We also show that, asymptotically for large q, the collection of counterexamples to Conjecture 1.2 is a vanishingly small fraction of the set of all allowable decimations. Let ζ() denote Riemann's zeta function.
Theorem 2.3 Let f (q) be any function such that
Then there is a constant c such that there are at most 14ζ(5/3)q 2/3 f (q) + cf (q) decimations of an -sequence a with connection number q that are cyclic permutations of a.
Finally, we show that for certain q, Conjecture 1.2 holds.
Theorem 2.4
If q = 2p + 1 and p = 2r + 1 with q, p, and r prime, and if 2 is primitive mod q then Conjecture 1.2 holds for q.
Note that by the probability that a number less than an integer N is prime is 1/ ln(N), so for an arbitrary prime q, the probability that q satisfies the hypotheses of Theorem 2.4 is about 1/ ln 2 (q).
Preliminary estimates
Through this paper we fix a primitive qth root of unity, say χ = e 2πi/q ∈ C. Define
Then S(0, 0) = q, S(a, 0) = S(0, b) = 0 if a and b are nonzero, and
for any λ = 0 (and for any b). 
Proof:
The proof follows the method of Davenport and Heilbronn [6] . Let R(w, t) denote the number of solutions to the system of congruences
By solving for y using the first equation 
Therefore the sum
is given by
which is q 2 times the number of solutions (x 1 , x 2 , x 3 , x 4 ) to the system
Counting the number of pairs (x 1 , x 2 ) and (x 3 , x 4 ) independently gives:
The terms for which a = 0 contribute the quantity
Since d is relatively prime to q − 1, the mapping x → x d is a permutation, hence (3) gives (10) This completes the proof of Lemma 3.1. 2
Let E = {0, 2, · · · , q − 1} ⊂ Z/(q) denote the set of "even" elements. For any b ∈ Z define
Then S 0 = |E| = (q + 1)/2.
Lemma 3.2 For any b = 0 we have
Proof: Davenport and Heilbronn [6] gave estimates on certain exponential sums. If we let
where n is an integer, then their Lemma 4 says that for any m,
Let us take f (x) = A x d (where A = bA2 d ) and m = (q − 1)/2. Then F (0) = 0 and F (n) = S(A , n). By carefully examining Davenport and Heilbronn's proof, one sees that the constant on the first big-O is 2/π and the second big-O can be replaced by 4 ln(q)+4, in other words,
Applying Hölder's inequality to Lemma 3.1 gives
The same bound applies to the sum using S(A , −n) in place of S(A , n). The Lemma follows. 2
Proof of Theorem 2.1, part (3)
This short section is included for completeness. As in the previous sections we suppose that q is a prime number, that 2 is primitive modulo q, and that d is relatively prime to q − 1. Again let E = {0, 2, · · · , q − 1} ⊂ Z/(q) be the set of even numbers. Define
Its Fourier transform is given byf
By the Fourier inversion formula we have
Now assume that the mapping x → Ax d preserves (but permutes the elements within) the set E. Then
The left hand side equals |E| = (q + 1)/2. If b = 0, thenf E (b) = (q + 1)/(2q) and S b = |E| = (q + 1)/2. Thus
Lemma 4.1 ([9])
The following inequality holds:
Combining this estimate with Lemma 3.2 gives
which completes the proof of Theorem 2.1. 2
Proof of Theorem 2.2
In this section we use the technique for obtaining bounds from exponential sums that has been used by several authors (see e.g. [3] ).
As in the preceding sections, let E be the set of even integers between 0 and q − 1 and assume that the conclusion of Theorem 2.2 is false. In other words, assume that Ax d ∈ E for every x ∈ E. Let W denote the set of integers between 0 and (q − 2)/4 and let s = 2 (q − 1)/4 + 1. It follows that the congruence
has no solutions. Therefore
The term corresponding to b = 0 equals |W | 2 |E|/q. Therefore
Since |W | ≥ (q − 1)/4 we obtain
A similar argument can be made for negative d. Suppose d = −e with e > 0. The system of congruences
is equivalent to the single congruence
e which has at most 2e solutions. This fact can be used in the proof of Lemma 3.1 which now says: If a = 0 and if d = −e < 0 then
Lemma 3.2 then becomes: for any b = 0,
Now go back to the beginning of the proof of Theorem 2.2, using this estimate for |S b | in equation (15) . The factors (d − 1) become replaced by 2e which leads to the conclusion
This completes the proof of Theorem 2.2. 2
Proof of Theorem 2.3
Canetti, Friedlander, Konyagin, Larsen, Lieman, and Shparlinski [2] , proved that the sum of the numbers of solutions to the systems of congruences (17) is no more than q 3 /f (q). Thus by equation (5) we obtain the bound
We can use this estimate in equation (8) to conclude that
and this estimate can be used in (14) to give
Now return to the beginning of the proof of Theorem 2.2 and use this estimate in (15) . Then equation (16) becomes
This implies f (q) ∈ O(log(q) 4 ), which contradicts the hypotheses on f (q). 2
Proof of Theorem 2.4
Let G denote the set of decimations of an -sequence a with connection integer q. The set G is a multiplicative group isomorphic to (Z/(φ(q))) * . Let H denote the set of decimations that are cyclic shifts of a. Then H is a subgroup of G.
Let ∆ ⊆ G be a set of representatives for G/H, with 1 ∈ ∆. That is, for each coset dH, there is exactly one element in dH ∩ ∆. 
cyclically distinct sequences with ideal arithmetic correlations. 
Proof:
The first statement follows from Theorem 2.3.
We know that |H| and |∆| divide |G| = φ(φ(q)). If φ(φ(q)) has a prime factor r > 14ζ(5/3)q 2/3 f (q) + cf (q), then r cannot divide |H|, so {a d : d ∈ ∆} is a set of at least r > 14ζ(5/3)q 2/3 f (q) + cf (q) cyclically distinct sequences. This proves the second statement.
If q = 2p + 1 and p = 2r + 1 with q, p, and r prime, then |H| ≤ 2. In this case G ∼ = (Z/(r)) * which is a cyclic group. Thus either H is trivial, or H = {1, −1}. But we have seen in Theorem 2.2 and in our previous work [9] that a −1 is always cyclically distinct from a. Thus H is trivial and the third statement follows. 2
Conclusions
We have significantly increased the set of decimations of an -sequence a that are known to be cyclically distinct from a. For sufficiently long -sequences we have shown that there is a large family of cyclically distinct decimations. In some special cases we have in fact shown that all decimations are cyclically distinct.
